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Aircraft Nonminimum Phase Control
in Dynamic Sliding Manifolds

Ilya A. Shkolnikov¤ and Yuri B. Shtessel†

The University of Alabama in Huntsville, Huntsville, Alabama 35899

The approximate causal nonminimum phase output tracking problem is considered for an F-16 nonlinear six-
degree-of-freedom model and addressed via sliding mode control. Asymptotic output tracking-error dynamicswith
desired eigenvalue placement are provided in case of tracking causal reference output pro� le with a � nite number
of nonzero time derivatives (piecewise polynomial spline model) in the presence of unmatched disturbances of
the same kind. A complete constructive algorithm for tracking controller design is built for a class of uncertain
nonlinear multi-input/multi-output systems with known linear unstable internal dynamics. An analysis is made of
the issue that the given nonlinear aircraft model yields to the approach developed.

Nomenclature
p = roll rate, rad/s
q = pitch rate, rad/s
r = yaw rate, rad/s
u1, u2, u3 = control commands to elevator, ailerons, and

rudder actuators
a = angle of attack, rad
b = sideslip angle, rad
c = � ight-path angle, rad
d e , d a , d r = elevator, ailerons, rudder de� ections, rad
h = pitch angle, rad
} = roll angle, rad

I. Introduction

N ONMINIMUM phaseoutputtrackingis an interesting,real life
control objective that has been extensively studied recently.

Sustained attention has been given to it as being applied to non-
linear aircraft control systems. It is known that a nonlinear control
system is of nonminimumphase if its internalor zero dynamics1 are
unstable.The nonminimumphase natureof a plant restrictsapplica-
tion of the powerful nonlinear control techniques such as feedback
linearization control1 and sliding mode control (SMC).2 ¡ 4 Quite a
few works address this problem for various nonlinear aircraft mod-
els with different approximation techniques.5 ¡ 11 The main feature
of the techniques proposed in the Refs. 5 and 8 is that they al-
low for slightly nonminimum phase systems. Another approach in
Ref. 11 investigatesthe problem for the differentially� at systems.12

A number of regulation schemes with output rede� nition have been
proposedin Refs. 6 and 13. This output rede� nition leads to a system
with stable zero dynamics (minimum phase). In Ref. 13, an SMC
algorithmwith output rede� nition is studied. Two other techniques,
which address nonminimum phase tracking via dynamic SMC, are
presented in Refs. 9 and 10 where the term dynamic SMC is used
to de� ne a dynamic controller described by ordinary differential
equations with a discontinuous right-hand side. The vector of con-
ventional sliding surface quantities[for a single-input/single-output
(SISO) case, it is a scalar quantity] dependson the system state vari-
ables algebraically,and the surface can be de� ned as a static one for
that case. To eliminate chattering, the work in Ref. 9 employs a lin-
ear high-gainalternativeto the relay element (saturationfunction),14

whereas the work in Ref. 10 uses an entirely continuouscontrol sig-
nal, which comes from the output of a dynamic controller, such that
there is no direct discontinuouscomponent in the control signal.
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In this paper we approach the approximate causal (given in real
time) output tracking; the reference pro� le with the � nite num-
ber of nonzero time derivatives (piecewise presented by a polyno-
mial spline) in the presence of the unmatched disturbance of the
same property will be asymptotically followed. This work employs
SMC,2 ¡ 4 in particular the dynamic sliding manifold (DSM)15,16

technique. In the DSM technique the vector of sliding surface quan-
tities dynamically depends on the system state variables, and, un-
like that of other works,9,10 the control law is a static one. To avoid
chattering, this control law is presented by a nonlinear continuous
function of sliding surface quantities that provides for � nite time
convergenceto a small domain of attraction around the sliding sur-
face; the sizeof thisdomaincanbe speci� ed to be arbitrarilysmall.17

SMC design starts with constructing a sliding surface (or slid-
ing manifold) r = r (x , t ) in the system state space x 2 < n , and the
system motion along the surface r = 0 (called the sliding mode) is
consideredas desirablein some sense. It is proved to be robust to the
system parameter uncertainty and matched unknown bounded dis-
turbances.Usually, to provide the existence of conventionalsliding
mode it is enough for the � rst time derivative of the sliding surface
quantity r to be proportional to the control. The system motion on
this surface is the goal of control synthesis. In a nonminimumphase
case the conventionalSMC appears to be nonrealizablebecause its
equivalent control term tends to in� nity.2,16

This work is an extension of the work in Ref. 16 to the MIMO
case and the state-space representation, applied to a conventional
takeoff and landing aircraft model.18 As to the approach developed,
there is no output rede� nition or solution of unstable differential
equation required.Addressingnonlinearnonminimumphaseoutput
tracking, the sliding mode controller based on a DSM joins features
of a conventional sliding mode controller (insensitivity to matched
disturbances and nonlinearities) and a conventional dynamic com-
pensator (accommodation to unmatched disturbances).

The structureof the paper is as follows. An aircraft mathematical
model is presented in Sec. II, and the control goal is formulated.
Section III discusses the issue of nonminimum phase output for
the presentedMIMO system. To address nonminimum phase nature
of this plant, it is necessary to stabilize closed-loop zero (inter-
nal) dynamics in the longitudinalchannel. Section IV addresses the
problem of nonminimum phase output tracking for a class of non-
linear MIMO systems via DSM design.Nonminimum phase output
tracking is not possible via conventionalSMC design. In Sec. V, the
general technique developed in Sec. IV is applied to the � ight-path
angle tracking in the system described in Sec. II. A DSM-based
trackingcontroller for the lateral channel is designed in Sec. VI; the
discussion on simulation results is presented as well. Conclusions
are made in Sec. VII.

II. Problem Formulation
The nonlinear mathematical � ight model of an F-16 jet � ghter

at Mach = 0.7, h = 10,000 ft, a trim = h trim = 0.1068 rad, d etrim =

566
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¡ 0.0295 rad, b trim = ptrim = qtrim = rtrim = } trim = d atrim = d rtrim = 0,
j d e j ·0.3 rad, j d a j ·0.3 rad, j d r j ·0.3 rad � ight conditions is taken
as follows.18

Longitudinal dynamics:
Çh = q ¡ 2q sin2( } /2) ¡ r sin }

Ça = ¡ b p + 0.0427cos h cos } + 0.083589 ¡ 1.15a

+ 0.9937q ¡ 0.177d e

Çq = 0.9586pr ¡ 0.0833(r 2 ¡ p2 ) ¡ 1.94166 + 3.724a

¡ 1.26q ¡ 19.5d e (1)
Lateral dynamics:

Çb = ¡ 0.9973r + a p + 0.0427cos h sin } ¡ 0.2971b

+ 0.000851p + 0.03723d r + 0.002466d a

Ç} = p + q sin } tan h + r cos } tan h

Çp = ¡ 0.1345pq ¡ 0.8225qr ¡ 53.48 b ¡ 4.3242p ¡ 0.2237r

¡ 50.933d a + 10.177d r

Çr = ¡ 0.7256pq + 0.1345qr + 17.671b + 0.2339p ¡ 0.6487r

+ 4.125d a ¡ 6.155d r (2)
Actuators dynamics:

Çd e = 20(u1 ¡ d e), Çd a = 20(u2 ¡ d a ), Çd r = 20(u3 ¡ d r )
(3)

The system outputs under control will be the � ight-path angle
c = h ¡ a , the sideslip angle b , and the roll angle } . The system
(1–3) will be forced by unknown but bounded disturbances: the un-
matched disturbance will represent a casual wind gust and will be
subjoined to d e, d a , d r in an additive manner to simulate the corre-
spondent disturbing aerodynamic forces and torques. The matched
disturbance will represent the actuator imperfections and will be
subjoined to u1 , u2, u3 inputs.

The control goal is to track the pro� les given in real time for the
� ight-pathangle and the roll angle, holdingthe sideslipangle at zero
in the same time. As known, the � ight-path angle is a nonminimum
phase output of the conventional-schemeaircraft with respect to the
elevator de� ection as an input. In the next section we show that the
main problem in output tracking for this particular system exists
in the longitudinal channel because the rest part of input-output
dynamics is of minimum phase.

III. System Basis Transformation
and Nonminimum Phase Condition

First, we intend to transform the linear part of the systems (1)
and (2) to the normal canonical form.1 It will be more convenient
to analyze the system and to distinguish the zero dynamics,1 which
are supposed to be unstable.

Consideringthe � ight-pathangle c as an outputand d e as a control
input for the longitudinaldynamics,we select the nonsingularlinear
transformation as follows:

x1

x2

x3

=

¡ 6.464 7.191 ¡ 0.065

7.173 ¡ 6.484 0.059

1 ¡ 1 0

¢
h

a

q

(4)

The system (1) is transformed to the form

Çx1

Çx2

Çx3

=

¡ 11.707 0 ¡ 75.666

0 11.141 ¡ 79.908

0.723 0.907 ¡ 1.844
¢

x1

x2

x3

+
0

0

0.177

d e

+
¡ 6.464 7.191 ¡ 0.065

7.173 ¡ 6.484 0.059

1 ¡ 1 0

¢
¡ 2q sin2( } /2) ¡ r sin }

¡ b p + 0.0427cos h cos } + 0.08

0.9586pr ¡ 0.0833(r 2 ¡ p2) ¡ 1.94

(5)

where the linear part of the system (5) is in the normal form in the
sence that Çc = Çx3 / d e represents the input-output dynamics and,
therefore, (x1, x2) are the states of the internal dynamics.1

Then, the zero dynamics in longitudinal channel under the con-
dition c = x3 = 0, } = b = 0 are obtained as

Çx1

Çx2
=

¡ 11.707 0

0 11.141
¢

x1

x2

+
¡ 6.464 7.191

7.173 ¡ 6.484
¢

0

0.04 cos h + 0.08
(6)

The second term in the right part of this expression is bounded and
has no in� uence on stability,whereas the linearpart is obviouslyun-
stable. Hence, we have c = x3 as a nonminimum phase output with
respect to d e as a control input. The system (5) has relative degree
r = 1 and second-order internal dynamics,1 which are presented by
the � rst two equations, where x3 should be replaced by a reference
output pro� le. The linear part of the internal dynamics are unsta-
ble with one eigenvalue at k = 11.141. So, designing the control to
provide zero-output c = x3 = 0 and ignoringzero dynamics (6) will
require in� nite control input to compensatefor unstable states of the
system (5). This fact causes problems in the control design for any
methods applied to nonminimum phase systems including sliding
mode control, as it is shown in Sec. IV.

For the lateral dynamics we consider the sideslip angle b and the
roll angle } as the outputs, d a , d r as the control inputs, and selecting
the nonsingular transformation as follows:

x4

x5

x6

x7

=

0 1 0 0

1 0 0 0

0 0 1 0

271.5125 0 0.1688 1.9213

b

}

p

r

(7)

From Eqs. (2), (4), and (7) we obtain the zero dynamics in lat-
eral channel under the conditions c = 0, } = x4 = 0, b = x5 = 0,
and tan h ¿ 1, then Çx5 ¼ x6 , x6 = 0 as

Çx7 = [ ¡ 141.6 + 0.52¢ ( ¡ 7.86x1 + 8.29x2 )]x7 (8)

Thus, if the states x1, x2 of the longitudinal channel are bounded
within domain ( ¡ 7.86x1 + 8.29x2) < 272.31, then the zero dynam-
ics of the lateral channel (8) are stable. As far as the zero dynamics
(6) are uncoupled from Eq. (8) and the system (1) is separate from
Eq. (2) control input, the problem of nonminimum phase output
is localized within the longitudinal channel only. Given the stable
closed-loop longitudinal dynamics, the lateral dynamics (2) are of
minimum phase for selected outputs. Consequently, to design the
controllerto track c , } , b , theproblemof nonminimumphaseoutput
must be resolved in the longitudinalchannel only.

In the next section we demonstrate the DSM techniquefor a class
of MIMO nonlinear nonminimum phase systems. In Sec. V this
technique is employed to design an SMC for the system motion in
a longitudinal (pitch) plane.

IV. Dynamic Sliding Manifold Design: General Case
The system (5) has the state-spacedimension n = 3, input/output

dimension m = 1, and relative degree1 r = 1. We can observe that
n ¡ m > m and r = m in this case. To design a generic algorithmfor
a class of nonminimum phase systems, we generalize the system
(5) to the form where n is arbitrary and 1 ·m < n / 2, r = m, r is the
total relative degree.1 The generalizedsystem in the normal form is

Çw = A11 w + A12 n + f1(t )

Çn = A21 w + A22 n + B2u + D2 F1( w , n , t ), y = n (9)

where w is an (n ¡ m) vector of the linear internal dynamics, y, n ,
u 2 < m , j B2 j 6= 0, F1(¢ ) is a boundednonlinearuncertain term, f1(t )
is a bounded smooth external disturbance with zero high deriva-
tives beginning with kth, f (i )

1 (t ) ´ 0, i ¸ k almost everywhere. The
system (9) is assumed to be of nonminimum phase, meaning that
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matrix A11 is non-Hurwitz. Additionally, we assume that the pair
(A11 , A12) is completely controllable;matrix A12 is of full rank.

The problem is to asymptotically track the pro� le y ¤ (t ) given in
real time, with the � nite known number k of nonzero time deriva-
tives y ¤ (i )(t ) ´ 0, i ¸ k (almost everywhere), in the presence of the
unmatched disturbance f1(t ) of the same property.

Nonminimum phase tracking via conventionalSMC design can-
not be achieved. Indeed, consider a conventionalsliding surface for
the system (9)

r = e, e = y ¤ ¡ y

and conventionalSMC law2 as

u = ûeq + B ¡ 1
2 R ¢ SGN( r ), ûeq = B ¡ 1

2 ( ¡ A21 w ¡ A22 n )
(10)

where R = diag{q i }, SGN( r ) = [sgn( r 1 ), sgn( r 2 ), . . . , sgn( r m )]T ,
i = 1, m,

q i > max
t ,( w , n ) 2 X ½ < n

m

j = 1

bi j D F j + ˜q i

˜q i > 0, i = 1, m, D F = Çy ¤ (t ) ¡ D2 F1( w , n , t ) and bi j are elements
of matrix B2. Applying Lyapunov stability analysis to this case
and selecting a Lyapunov function candidate as V = 1

2
r T r , we can

derive that 8 ( w , n )t = 0 2 X ½ < n

ÇV · ¡
m

i = 1

˜q i j r i j < 0

under the control law (10). Hence, the sliding mode r = 0 will exist,
and e = 0 in the sliding mode. The system (9) motion in the sliding
mode is described by

e = 0, Çw = A11 w + A12 y ¤ (t ) + f1(t )

The w dynamics (internal dynamics of the closed-loop system) are
unstable,and therefore the sliding mode can be achievedonly under
unbounded control law for limt ! 1 k ûeq( w , t )k = 1 .

SMC control must be designed 1) to provide the output tracking-
error dynamics with given eigenvalueplacement and 2) to stabilize
the closed-loop internal dynamics. In this case, the sliding mode
will exist under bounded control law.

To providethe stable internaldynamicsof theclosed-loopsystem,
DSM design is accomplished as follows.

First, we select the sliding surface

r = e + C w + v = 0 (11)

where e = y ¤ ¡ y, r , e, v 2 < m , C 2 < m £ (n ¡ m ) , C , v are to be de-
termined.

The system (9) motion in the sliding manifold (11) is derived as

Çw = ( A11 + A12C )w + A12v + A12 y ¤ (t ) + f1(t ) (12)

¡ e = C w + v (13)

Second, using linear subspace decomposition technique,19 we build
a nonsingularlinear transformationM 2 < (n ¡ m ) £ (n ¡ m ) to transform
the system (12) to the form given in the following lemma.

Lemma: Given the nonsingular linear transformation

z1

z2
= M w , z1 2 < n ¡ 2m , z2 2 < m (14)

where

M =
M#

1

M2
, M ¡ 1 = M1 M #

2 , M #
2 = M T

2 M2 M T
2

¡ 1

M #
1 = M T

1 M1
¡ 1

M T
1

1) Matrix M1 is selected such that columns of M1 2 < (n ¡ 2m ) £ m

are n ¡ 2m column eigenvectors of matrix A11; matrix M1 is built
such that

M1 =
M 0

1

M 0 0
1

, j M 0 0
1 j 6= 0

2) Matrix M2 2 < m £ (n ¡ m ) is calculated as M2 = [Im £ m .¢¢
¡ M 0

1 M
0 0 ¡ 1
1 ] so that M2 M1 ´ 0, i.e., the column-range space of ma-

trix M1 is in the null space of matrix M2.
3) Matrix C in Eq. (11) is selected such that C = M2 .

Then the systems (11) and (12) are presented in the new basis as

Çz1 = Ã11z1 + Ã12z2 + B̃1v + u 1(t )

Çz2 = Ã22z2 + B̃2e + u 2(t ), e = ¡ (z2 + v ) (15)

Ã11 = M#
1 A11 M1 , Ã12 = M#

1 A11 M#
2 + A12

Ã22 = M2 A11 M #
2

MA12 =
B̃1

B̃2

, M (A12 y ¤ + f1 ) =
u 1(t )

u 2(t )

Proof: See Appendix A.
We obtain the system (15) in the uncoupled format. If z1 dy-

namics are stable (matrix Ã11 is Hurwitz) given bounded input
[ Ã12z2 + B̃1v + u 1(t )], then consideringv = v(z2, e) as a virtualcon-
trol the problem now is to stabilize the second equation in Eq. (15)
as well as to provide output tracking error e convergence to zero.

The following theorem gives the solution to the last problem.
Theorem 1a: If 9 M 2 < (n ¡ m ) £ (n ¡ m ) such that the Eqs. (12) and

(13) of the system (9) motion in the sliding manifold (11) are trans-
formed by Eq. (14) to the form (15), where matrix Ã11 is Hurwitz,
and j Ã22 j 6= 0, then 9 Pk , Pk ¡ 1 , . . . , P0 2 < m £ m , such that the fol-
lowing is true:

1) Any real-time reference pro� le y ¤ (t ), y ¤ (i )(t ) ´ 0, i ¸ k, will
be asymptotically followed in sliding mode in the DSM (11), where

v = (Pk ¡ Im £ m )e + Pk ¡ 1e

+ Pk ¡ 2e + ¢ ¢ ¢ + P0e d s ¢ ¢ ¢ d s ds (16)

in accordance with the following system of differential equations
for output tracking-error:

e(k + 1) + ck e(k ) + ¢ ¢ ¢ + c1 Çe + c0e = 0 (17)

where the set of numbers (ck , ck ¡ 1 , . . . , c0) is to be speci� ed to
provide given eigenvalue placement.

2) Given the output tracking-errordynamics (17), the set of ma-
trices Pk , Pk ¡ 1 , . . . , P0 2 < m £ m is calculated as

P0 = ¡ c0( Ã22) ¡ 1 Pk

P1 = ¡ c0( Ã22 ) ¡ 2 + c1( Ã22 ) ¡ 1 Pk

...

Pk ¡ 1 = ¡ c0( Ã22) ¡ k + ¢ ¢ ¢ + ck ¡ 1( Ã22 ) ¡ 1 Pk

Pk = c0( Ã22) ¡ k + ¢ ¢ ¢ + ck ¡ 1( Ã22 ) ¡ 1 + Ã22 + ck I
¡ 1

B̃2 (18)

Proof: See Appendix B.
Theorem 1b: The sliding mode in DSMs (11) and (16) exists

under the bounded control law

u = ûeq + B ¡ 1
2 R ¢ SGN( r ) (19)
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where ûeq = B ¡ 1
2 ( ¡ A21 w ¡ A22 n ), R = diag{q i }, SGN( r ) =

[sgn( r 1 ), sgn( r 2 ), . . . , sgn( r m )]T , i = 1, m,

q i > max
m

j = 1

bi j D F j

i = 1, m, D F = Çy ¤ + C Çw + Çv ¡ D2 F1(¢ ) and bi j are elementsofma-
trix B2.

Proof: See Appendix C.
Thus, the system (9) motion in the DSMs (11) and (16) acco-

modates the unmatched disturbance f1(t ), piecewise presented by
polynomial splines. Tracking is invariant to matched disturbances
and provides asymptotic tracking-error convergence to zero with
given eigenvalue placement.

V. DSM Design for Flight-Path Angle Tracking
The zero dynamics (6) in the longitudinal channel matches the

zero dynamics of the model (9) because a nonlinearstate-dependent
term in Eq. (6) is globallyboundedand has no in� uence on stability.
So, if we succeed to stabilize the linear part of the zero dynamics
(6), then tracking in the longitudinal channel will be provided with
locally stable internal dynamics. Thus, we adopt the model (9) to
designa trackingcontrollerfor the system(5).The internaldynamics
in the longitudinal channel are modeled as

Çw = A11 w + A12(y ¤ ¡ e) + f1(t ) (20)

which have the form

Çx1

Çx2
=

¡ 11.707 0

0 11.141
¢

x1

x2
+

¡ 75.666

¡ 79.908
(y ¤ ¡ e) + f1(t )

(21)

where y ¤ (t ) is the output reference pro� le for the � ight-path angle.
The system (21) is in uncoupledformat,and x1 dynamics is bounded
given the bounded input. So, the transformation (14) is identity

M = I2 £ 2 , C = M2 = [0 1]

The DSM (11) has the form

r = e + x2 + v = 0 (22)

According to the lemma, the second equation to be stabilized in the
system (15) has the form (m = 1)

Çx2 = 11.141x2 + 79.908e + } 1(t ) (23)

where } 1(t ) = ¡ 79.908y ¤ (t ) + f1(t ). We accept the following
model for uncertain disturbance } 1(t ):

}¢ ¢ ¢ = 0

almost everywhere.So, k = 3, and accordingto theorem1 we obtain
the fourth-order tracking-errordynamics of the form (17), which is
selected to be

e(4) + 4.2e¢ ¢ ¢ + 13.6ë + 21.6 Çe + 16e = 0 (24)

where the eigenvalues have been chosen according to integral time
average error criterion with the time constant s ¼ 3 s to produce
x n = 2 rad/s. In this case A22 = a22 = 11.141, B̃2 = b̃2 = 79.908,
c3 = 4.2, c2 = 13.6, c1 = 21.6, c0 = 16, and from Eq. (18) we have

p3 = c0a
¡ 3
22 + c1a ¡ 2

22 + c2a ¡ 1
22 + a22 + c3

¡ 1
b̃2 = 4.8

p2 = ¡ c0a
¡ 3
22 + c1a ¡ 2

22 + c2a ¡ 1
22 p3 = ¡ 6.71

p1 = ¡ c0a
¡ 2
22 + c1a

¡ 1
22 p3 = ¡ 9.87

p0 = ¡ c0a ¡ 1
22 p3 = ¡ 6.85

Finally, using Eqs. (16) and (22), we obtain the following DSM:

r = x2 + 4.8e ¡ 6.71e + 9.87e + 6.85 e dt dt dt

x2 = 7.173h ¡ 6.484a + 0.059q , e = y ¤ (t ) ¡ c (25)

Using Eq. (19), we build a control law as

d e = ¡ (1.844/ 0.177)( " ¡ a ) + ( q /0.177) sgn( r ) (26)

where q is to be selected to compensate for cumulative uncertainty
of equivalent control for the sliding mode q = 0. The following
condition should be met:

q > Çy ¤ + 11.141x2 + 79.908e + } 1(t )

¡ 0.723x1 ¡ 0.907x2 ¡ D2 F1(¢ , t )

For simulations we accept q = 0.25.
Finally, in order to avoid the actuator chattering, the SMC (26) is

designed in the continuous � nite-reaching-timeformat17 as

d e = ¡ 10.418( " ¡ a ) + 1.41 ¢ j r j 0.3 sgn( r ) (27)

Because the actuator dynamics (3) are much faster then the com-
pensated tracking-errordynamics, the control law (27) is applied to
the input of actuators (3), that is,

u1 = ¡ 10.418( " ¡ a ) + 1.41 ¢ j r j 0.3 sgn( r ) (28)

As we will see further, the control law (28) produces smooth
elevator de� ection within the prescribed limit j d e j ·0.3 rad. Ro-
bustness analysis can be made of the domain of stability for the
original nonlinearsystem (5), accepting perturbationsto critical pa-
rameters a22, b̃2 and considering the unmatched disturbance to be
a state-dependent function } 1 = } 1(x , t ) (see, for example, pp. 22
and 23 in Ref. 20).

VI. DSM Controller for Lateral Motion
To complete the SMC design for the system (1–3), we will derive

an SMC for output tracking in the minimum phase lateral channel,
assuming that only output information is available. Here, we will
employ the DSM technique to avoid numerical differentiation or
derivative estimation procedure, which otherwise is necessary21 to
design a sliding manifold for the systems with relativedegree r ¸ 2.

The nonlinear terms in the system (2) are bounded within any
given bounded domain around origin in the state space, given sta-
ble closed-loop dynamics in longitudinal motion. For the purpose
of control design, we will present them by a vector of uncertain
bounded disturbancesw(t ), w 2 < 4. Then, we write the system (2)
as

Çb

Ç}

Çp

Çr

=

¡ 0.2971 0.0427 8.51 ¢ 10 ¡ 4 ¡ 0.9973

0 0 1 0

¡ 53.48 0 ¡ 4.3242 ¡ 0.2237

17.671 0 0.2339 ¡ 0.6487

¢

b

}

p

r

+

0.002466 0.03723

0 0

¡ 50.933 10.177

4.125 ¡ 6.155

¢
d a

d r
+ w (t ) (29)

wherewe have the sideslipangle b and the roll angle } as theoutputs,
d a , d r as the control inputs, and w(t ) as a disturbance vector input.
After the transformation (7) we can write the system (29) in the
normal form
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Çx4

Çx5

Çx6

Çx7

=

0 0 1 0

0.043 140.636 0.088 ¡ 0.519

0 ¡ 21.868 ¡ 4.305 ¡ 0.116

11.594 3.839¢ 10 ¡ 4 23.846 ¡ 141.602

¢

x4

x5

x6

x7

+

0 0

2.466¢ 10 ¡ 3 0.037

¡ 50.933 10.177

0 0

d a

d r

+ w̃ (t )

y1 = x4 , y2 = x5 , w̃ (t ) = (w̃4, w̃5 , w̃6, w̃7 )T (30)

The system (30) has a total relative degree r = 3 and the � rst-
order stable zero dynamics, the zero dynamics (8) of the original
nonlinear system (2), are also stable, as far as the states of closed-
loop longitudinal channel are bounded. One can exclude the state
variable x7 from the control design, considering it to be another
external bounded disturbance.

One can notice that control input d a dominates in the roll angle
regulation,whereas d r does in the sideslip angle regulation; the rel-
ative degree for the input/output pair (d a , y1) is equal to 2i ; the in-
put/output pair (d r , y2 ) is equal to 1. We will use this fact to enforce
uncoupled output error behavior for e1 = y ¤

1 ¡ y1, and e2 = y ¤
2 ¡ y2

via SMC with DSM, where y ¤
1 , y ¤

2 are the output reference pro� les
for the roll angle and the sideslip angle, respectively.

For a SISO system with relative degree r in the output tracking-
error state space, the sliding mode can be achieved in the following
sliding manifold19:

Time derivative of i th order:

r =
r ¡ 1

i = 1

ci e
(i ) = 0, ci 2 < , e(i )

where the derivatives e(i ) should be observed (estimated). To elimi-
nate steady-stateconstant error for SMC implementation in contin-
uous form, one can add an integral term in the sliding surface

r =
r ¡ 1

i = 1

ci e
(i ) + c0

t

0

e dt = 0

We employ a DSM design for the minimum-phasesystem (30) to
asymptotically track any real-time smooth reference pro� le using
only output information e1 = y ¤

1 ¡ y1 and e2 = y ¤
2 ¡ y2. The results

are presented in the following theorem.
Theorem 2: The sliding mode exists in DSM

r 1(s) = a ¢
s2 + 2f x ns + x 2

n

s(s + a)
e1(s), r 2(s) =

s ¢ s + 1
s

e2(s)

(31)

for the system (30) under control law

d a = ¡ x 2
n 50.933 e1 ¡ q 1 sgn( r 1 )

d r = (1/ s ¢ 10.177)e2 + q 2 sgn( r 2) (32)

Any real-time smooth referencepro� les y ¤
1 (t ), y ¤

2 (t ) will be asymp-
totically followed in sliding mode with speci� ed eigenvalue place-
ment for output tracking-errordynamics

ë1 + 2f x n Çe1 + x 2
ne1 = 0, Çe2 + (1/ s )e2 = 0 (33)

given the set of parameters f , x n , s to be selected.
Proof: See Appendix D.
For the simulation we accept a = 200, x n = 4 rad/s, n = 0.7,

s = 3 s, and q 1 = q 2 = 0.5. This will enforce the following output
tracking-errordynamics in the sliding mode:

ë1 + 5.6 Çe1 + 16e1 = 0, Çe2 + 1
3
e2 = 0

Finally, similar to the procedure applied for the longitudinal
channel, we have our controls for the output tracking in the lateral
channel as

u2 = ¡ 0.5 j r 1 j 0.3 ¢ sgn( r 1), u3 = 0.5j r 2 j 0.3 ¢ sgn( r 2) (34)

where r 1, r 2 are the outputs of the system (30) and u2 , u3 are the
commands to the ailerons and rudder actuators, respectively.

The results of simulation of causal nonminimum-phase output
tracking, using the initial nonlinear model and the control law (34),
are presented in Figs. 1–9.

The aircraft is performing a maneuver in pitch plane with si-
multaneous lateral motion. Nonminimum-phase � ight-path angle
tracking process is presented in Fig. 2. Flight-path angle tracking
error behavior at higher resolution is presented in Fig. 3 together
with unmatched disturbance function, which has been subjoined to

Fig. 1 Trajectory in pitch plane (the zero altitude corresponds to
3000 m).

Fig. 2 Flight-path angle tracking.

Fig.3 Flight-pathangletracking error andtheunmatcheddisturbance
term.

Fig. 4 Sliding surface ¾ and the matched disturbance term.
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Fig. 5 Elevator de� ection ±e .

Fig. 6 Roll angle tracking.

Fig. 7 Roll angle tracking error and sideslip angle stabilization error.

Fig. 8 Ailerons de� ection.

d e in an additive manner. We can observe that the transient from
initial conditions is over to the � fth second. We see a little ripple of
error between 7–22 s as a result of the sinusoidaltrackingprocess in
lateral channel, which cross in� uences pitch motion in the nonlin-
ear model (1, 2) because the controller can eliminate the in� uence
of two time derivatives of uncertain terms only. We can see that
the controller completely compensates for a constant component in
unmatched disturbance function (22–33 s), and between 33–37 s

Fig. 9 Rudder de� ection.

the error converges quickly to zero under the parabolic shape of
disturbance function behavior and after the point of discontinuity
in disturbance function derivative. Matched disturbance, which has
been subjoined to u1 , u2, u3 inputs, modeling actuator imperfec-
tions does not affect sliding mode r = 0 at all, as it can be seen from
Fig. 4. Practicallyperfect tracking in lateral channel is illustratedin
Figs. 6 and 7. Control inputs within prescribed limits are observed
in Figs. 5, 8, and 9.

VII. Conclusions
The causal nonlinear nonminimum-phase output tracking prob-

lem for F-16 aircraft is addressed via sliding mode control. A slid-
ing mode controller has been designed to provide robust track-
ing the system with matched nonlinear terms as well as matched
and unmatched disturbances using dynamic sliding manifold tech-
nique. DSM has been employed to stabilize internal dynamics of a
nonminimum-phasesystem and to design a controllerwithout sepa-
rateestimationofoutputtracking-errorderivatives.Sucha controller
is shownto be insensitiveto matcheddisturbancesandnonlinearities
and can accomodateunmatcheddisturbancesas well. The proposed
control scheme allows the cancellation of the error from a causal
reference input with zero high derivatives.

Appendix A: Proof of Lemma
We de� ne

M =
M #

1

M2

matrix M1 is selected such that columns of M1 2 < (n ¡ 2m ) £ m are
n ¡ 2m column eigenvectors of matrix A11. Matrix M1 is of full
rank, and we build it such that

M1 =
M 0

1

M 0 0
1

, j M 0 0
1 j 6= 0

then Moore–Penrose generalized inverse of M1 is M #
1 =

(MT
1 M1 ) ¡ 1 M T

1 . Matrix M2 2 < m £ (n ¡ m ) is selected so that M2 M1 ´
0, i.e., the column-range space of matrix M1 is in the null space
of matrix M2 . Matrix M2 can be calculated as M2 = [Im £ m .¢¢
¡ M 0

1 M
0 0 ¡ 1
1 ]. Thus, matrix M de� nes a nonsingular linear trans-

formation. The inverse transformation is calculated as M ¡ 1 =
[M1 M#

2 ], M#
2 = M T

2 (M2 M T
2 ) ¡ 1 because we have the following

identities M2 M#
2 = Im £ m , M#

1 M1 = I(n ¡ 2m ) £ (n ¡ 2m ) , M2 M1 ´ 0,
M#

1 M#
2 ´ 0; therefore, M M ¡ 1 = I(n ¡ m ) £ (n ¡ m ) .

Because matrix C in Eq. (11) is selected such that C = M2,
we have

M (A11 + A12C )M ¡ 1 =
M#

1 A11 M1 M#
1 A11 M#

2 + M#
1 A12

M2 A11 M1 M2 A11 M#
2 + M2 A12

C M ¡ 1 = [0 Im £ m ]

As far as the column range space of matrix M1 is invariant
with respect to matrix A11 and M2 M1 ´ 0, then M2 A11 M1 ´ 0
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as well. Using identity (M2 A11 M#
2 + M2 A12)z2 + M2 A12v =

M2 A11 M #
2 z2 + M2 A12e, the system (11) and (12) is presented in

the new basis as

Çz1 = Ã11z1 + Ã12z2 + B̃1v + u 1(t )

Çz2 = Ã22z2 + B̃2e + u 2(t ), e = ¡ (z2 + v )

Ã11 = M #
1 A11 M1 , Ã12 = M#

1 A11 M #
2 + A12

Ã22 = M2 A11 M #
2

M A12 =
B̃1

B̃2

, M A12 y ¤ + f1 =
u 1(t )

u 2(t )

Appendix B: Proof of Theorem 1a
If matrix Ã11 is Hurwitz, then the problem to stabilize the rest

part of the system (15) is solved as follows. Combining the third
equation in Eq. (15) with Eq. (16) and differentiating the result k
times, we get

¡ z(k )
2 = Pke

(k) + Pk ¡ 1e(k ¡ 1) + ¢ ¢ ¢ + P0e (B1)

The second equation in Eq. (15) can be rewritten as

I
@

@t
¡ Ã22 z2 = B̃2e + } 2(t ) (B2)

One can decouple the system (B1) and (B2) for e as
e(k + 1) + P ¡ 1

k ( B̃2 + Pk ¡ 1 ¡ Ã22 Pk )e(k) + ¢ ¢ ¢
+ P ¡ 1

k (P0 ¡ Ã22 P1 ) Çe + P ¡ 1
k ( ¡ Ã22 P0)e = ¡ P ¡ 1

k } (k)
2

As far as } 2(t ) = M2 A12 y ¤ (t ) + M2 f1(t ), then } (k )
2 = 0 almost

everywhere.
We want to have tracking-errordynamics in the uncoupledformat

as
e(k + 1) + ck e(k ) + ¢ ¢ ¢ + c1 Çe + c0e = 0

where the set of numbers (ck , ck ¡ 1, . . . , c1 , c0 ) is selectedaccording
to desired eigenvalueplacement.Then, if j Ã22 j 6= 0, we calculatethe
set of matrices Pk , Pk ¡ 1 , . . . , P0 2 < m £ m as

P0 = ¡ c0( Ã22 ) ¡ 1 Pk

P1 = ¡ c0( Ã22) ¡ 2 + c1( Ã22) ¡ 1 Pk

...

Pk ¡ 1 = ¡ c0( Ã22) ¡ k + ¢ ¢ ¢ + ck ¡ 1( Ã22) ¡ 1 Pk

Pk = c0( Ã22) ¡ k + ¢ ¢ ¢ + ck ¡ 1( Ã22) ¡ 1 + Ã22 + ck I
¡ 1

B̃2

Outputtrackingerrore will asymptoticallyconvergeto zero.Solving
the system (B1) and (B2) for z2 , we can prove bounded z2 behavior
with the same characteristicpolynomialas well, provided j Ã22 j 6= 0.
Thus, the system (9) motion in the DSMs (11) and (16) provides
asymptotically stable output tracking-error dynamics and bounded
compensated internal dynamics.

Appendix C: Proof of Theorem 1b
Similar to the Lyapunov analysis made in Sec. IV to derive the

existence condition for the control law (10), conditions of theo-
rem 1b for existenceand boundednessof the control law (19), given
bounded z2 behavior, can be derived.

Appendix D: Proof of Theorem 2
We can present the � rst equation in Eq. (31) as

¨r 1 + a Çr 1 = a } (x , t ) + x 2
ne1 + 50.933d a (D1)

where } (x , t ) = ÿ ¤
1 + 21.868x5 + 4.305x6 + 0.116x7 ¡ 10.177d r ¡

w̃6(t ) + 2n x n( Çy ¤
1 ¡ x6 ). Substituting the control law (28) for d a into

Eq. (D1), we obtain the following closed-loop system:
¨r 1 + a Çr 1 = a[ } (x , t ) ¡ 50.933q 1 sgn( r 1 )]

9 1 > L̃( q 1 ) > 0, such that ¡ L̃ sgn( r 1) will be the function major-
ing } (x , t ) ¡ 50.933q 1 sgn( r 1 ) for any compactboundeddomain in
the system (D1) state space and given bounded ÿ ¤

1 , Çy ¤
1 , y ¤

1 , w̃6(t ),
d r (¢ ).

Using ¡ L̃ sgn( r 1 ), one can build equation for ˜r 1 , which is ma-
joring r 1

¨̃r 1 + a Ç˜r + L̃ sgn( ˜r 1) = 0 (D2)

Thus, if the majorant ˜r 1 ! 0, then r 1 ! 0 as well. Let us intro-
duce a Lyapunov function candidate as follows: V = Ç˜r 2

1 /2 + L̃ j ˜r 1 j ,
8 ˜r 1 6= 0, Ç˜r 1 6= 0 : V > 0, then ÇV = ¡ a Ç˜r 2

1 . Thus, if a > 0, then 8 ˜r 1,
8 Ç˜r 1 6= 0 : ÇV < 0, and the system (D2) asymptotically attains the do-
main Ç˜r 1 = 0 in the ( ˜r 1, Ç˜r 1) state space. Analyzing the system (D2),
we can conclude that the only equilibrium point in this domain is
˜r 1 = Ç˜r 1 = 0. Hence, ˜r 1 asymptotically converges to zero, and so
does r 1 if 50.933q 1 > j } (x , t ) j . We can apply the same approach
to prove the existence of the sliding mode in the DSM r 2 = 0 and
derive the analogous conditions for q 2 .

After the sliding manifold is reached,we have the error dynamics
(33) in the sliding mode r 1 = r 2 = 0, according to Eq. (31).
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